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Three applications of hypergeometric functions
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Abstract: we give a simple proof of a relation obtained by Qi-Guo for the sum of the Lah numbers in terms of the confluent
hypergeometric function. We deduce the hypergeometric version of a combinatorial identity obtained by Engbers-Stocker. Besides,
we show an alternative deduction for the Rathie-Paris formula satisfied by the Gauss hypergeometric function.
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INTRODUCTION

In the literature we find many series studied with
complicated methods, which could be analyzed
more easily with hypergeometric techniques; then
here we apply these techniques, involving the

Qi-Guo, Engbers-Stocker and Rathie-Paris identities

functions ,F; and 3F, , to the identities obtained
by Qi-Guo, Engbers-Stocker, Alzer-Prodinger, and
Rathie-Paris.

Qi-Guo (Qi, F. and Bai-Ni, G. 2018; luschny.de/) showed the following relation:

Asyr_ 1M gk-1 =

Involving the Lah numbers (Lah, 1. 1954; Aigner,
M. 2007; Daboul, S., J. et al., 2013; Boyadzhiev,
K. N. 2016; Spivey, M. Z. 2019; L6pez-Bonilla, J.

(k] _
L™ = k!
And the confluent hypergeometric function
(mathworld.wolfram.com); here we shall prove (1)
via the algorithm explained in (Petkovsek, M. et

al., 1996; Koepf, W. 1998; Koepf, W. 2007;
Hannah, J. P. 2013; Guerrero-Moreno, |. and

A=nl ¥t , tr =

try1 _ (r+1-m)
Therefore t S it

A O

2  FF(n+1;2;2), (1)

and Montiel-Pérez, J.Y. 2020; Lépez-Bonilla, J. et
al., 2020).

(2)

Lopez-Bonilla, J. 2016; Lopez-Bonilla, J. et al.,
2018; Barrera-Figueroa, V. et al., 2018; Léon-
Vega, C. et al, 2018; Lopez-Bonilla, J. and
Miranda-Sanchez, 1. 2020). In fact, from (2):

(n-1)! r 3)

Tl r+)! (n-r=1)!

(—z) , then (3) implies the hypergeometric relation:

But we have the Kummer’s identity (mathworld.wolfram.com):

1Fi(a;b; —z) =e™? 1Fi(b—a; b; 2), (5)

Whose application in (4) gives (1), g.e.d.

Engbers-Stocker [20, 21] showed the following combinatorial identity:

B=Yym, (rlil)z(n+1+k): n

r=m

2m+1

And here we obtain its hypergeometric version for
the case n = 2m via the method explained in
(Petkovsek, M. et al., 1996; Koepf, W. 1998;

2
T), n>mz0, (6)

m

Koepf, W. 2007; Hannah, J. P. 2013; Guerrero-
Moreno, |. and Lopez-Bonilla, J. 2016; Lopez-
Bonilla, J. et al., 2018; Barrera-Figueroa, V. et al.,
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2018; Léon-Vega, C. et al., 2018; Lopez-Bonilla, J. and Miranda-Sanchez, 1. 2020). In fact:
o m\? m+1+k
n+1 b_(k) (2m+1)
2m + 1 ke ™ ( n+1 ) ’
k=0 2m+1
Thus:
bryr k —m?k +n+ 2
by (k+1D2(k+n+1-2m)’
Therefore:
_(n+1 o . _ .
B—(2m+1) JFy(—m-—mn+2;1L,n+1-2m1), @)

Then (6) and (7) imply the hypergeometric relation:

2
JFy(—m,—mn+ 21, n+ 1 — 2m; 1)=ﬁ n (D), mz2m>0; ®)
2m+1
In particular, for n = 2m:
r\2
sFp(—m,—m,2m +2;1,1;1) =322, (1), m>o0. 9)
Alzer-Prodinger (Engbers, J. and Ch. Stocker. 2016) generalized the expression (6):
m?2m+1+k r\2(m-—r
m — n
o (o) (or W) =2mm () (y_1), m=m=0 N=1, (10)
Which gives the following generalization of (8):
2 —
SFy(—m,—mn+ 2 ,n+2 = 2m = N;1) = s S () (y_ ) n=2m+ N -1,
(zmeen)
Thus (10) and (11) imply (6) and (8) if N = 1.
From (11) for n =2m + N — 1:
2 —
SFy(—m,—m,2m + N+ 1;1,1;1) = 521 (1) (2m +NN_ 7 1), m>0 N>1,
Which gives (8) for the case N = 1.
Rathie-Paris (Rathie, A. K. and Paris, R. B. 2007) obtained the following relation for 0 < x < 1:
_ T _ _ (nh?
Gp(x) = x ,F (—n, 1, —2n; 1_x) + (1 —x) ,F; ( n,1; —2n; x) OIS (13)

Involving the Gauss hypergeometric function. Here we show other approach towards this identity.

In (unctions.wolfram.com) is the expression:

JFi(—n,1;¢2) = (1 —¢) z17¢ (z — 1)etnt Bl_%(l —c—nn+1), (14)
With the participation of the incomplete Beta function:
B, (a,b) = [ t*1 (1 - )Pt dt. (15)
Therefore:
Gn(®) = i o Ha (O, (16)
Where:

(12)

(11)
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Ho(x) = Be(n+1Ln+1) +Bi_,(n+1Ln+1) = [ [t(1—O]"dt + fol'x [t(1 — )] dt, (17)

Then it is immediate that :—x H,(x) = 0, thus (17) is independent of x and we can calculate H,,(x) with any

1
value of x, hence we take x = 5

1

H, (—) =2Bi(n+1,n+1)=2 fO% [t(1 — )]" dt.

2

1

B%(Tl'f‘ 1,Tl+ 1) = W 2F1

Whose application in (18) gives the expression?

_ (mh?
Hn (%) = Cn+ 1)’

Then (16) and (20) imply (13), g.e.d.

CONCLUSIONS
Our procedure shows that the method of

(—n,1; —2m;2),

(18) From (14) and [24]:

227 (nh)?
(2n)! '’

JFi(—n, 1; —2n; 2) = (19)

(20)

derivative of exp(1/x).” Acta Univ. Sapientiae-
Mathematica 8.1 (2016): 22-31.

Petkovsek-Wilf-Zeilberger (Petkovsek, M. et al., 7. Spivey, M. Z. “The art of proving binomial
1996; Koepf, W. 1998; Koepf, W. 2007; Hannah, identities.” CRC Press, Boca Raton, FI, USA
J. P. 2013; Guerrero-Moreno, I. and Lépez- (2019) Print

Bonilla, J. 2016; Ldpez-Bonilla, J. et al., 2018; 8. Lobpez-Bonilla, J. and Montiel-Pérez, J.Y. “On

Barrera-Figueroa, V. et al., 2018; Léon-Vega, C. et the Lah and Stirling numbers.” Comput. Appl.

al., 2018; L6pez-Bonilla, J. and Miranda-Sanchez, Math. Sci. 5.1 (2020): 16-17. Print

. 2020; Gasper, G. and M. Rahman. 2005) allows 9. Lopez-Bonilla, J., Morales, J. and G. Ovando,

give a simple demonstration for the Qi-Guo’s “Bernoulli, Stirling and Lah numbers.”

identity (1) and also obtain the property (8) for the American-Eurasian J. of Sci. Res. 15.2 (2020):

hypergeometric function ;F, from the Engbers- 52-55. Print

Stocker’s formula (6), with the corresponding 10. https://ma‘ghworld_.wolfram._com/_Coanuentva

generalizations (10) and (11). Finally, properties of ‘Erlzi?rrgﬁit;'CFU”C“O”OfthEF'rStK'nd-html

F; and incomplete Beta function gives us an . .
azlternative proof for the Rathie-Paris’s relation 11. EEtkovsek’ M., \.N"f’ H.S. .and D. Zeﬂberger,

(13). A = B, symbolic summation algorithms. _ A.

K. Peters, Wellesley, Mass. USA (1996). Print
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